Torsion gravity is a natural extension to Einstein gravity in the presence of the fermion matter sources. In this paper we adopt Wald's covariant method of Noether charge to construct the quasi-local energy of the Einstein-Cartan-fermion system, and find that its explicit expression is formally independent of the coupling constant between torsion and axial current. This seemingly topological nature is unexpected and is reminiscent of similar nature of quantum Hall effect and topological insulator. However, the coupling dependence does enter when evaluating it on-shell, and thus the topological nature is pseudo. Based on the expression of the quasi-local energy, we evaluate it for a particular solution on the entanglement wedge and find the agreement with the holographic relative entropy obtained before. This shows that the equivalence of these two quantities in the Einstein-Cartan-fermion system. Moreover, the quasi-local energy in this case is not always positive definite so that it provides an example of swampland in torsion gravity. Based on the covariant Noether charge, we also derive the nonzero fermion effect on Komar angular momentum. The implication of our results to the tests of torsion gravity in the future gravitational wave astronomy is also discussed. * sheng-lank@nu.ac.th
Introduction
The general covariance is the key ingredient in formulating the general theory of relativity, which can be thought of as the infinite dimensional local gauge symmetry. However, due to such a huge gauge symmetry, it is then impossible to define any sensible local observable in the context of general relativity, such as the stress tensor associated with the gravitational field. Instead, some global or quasi-local quantities were proposed, for example, the total mass/energy of the self-gravitating systems. The first quantity is the well-known ADM mass [1] and it is useful in formulating the black hole thermodynamics [2, 3] . The success was then inspired to find the quasi-local energy [4] covering only a finite domain of the spacetime, which is more close to the classic notion of the local energy density. There are various ways of deriving quasi-local energy, for a review see [5] . Among them the derivation based on Wald's formulation [6] [7] [8] [9] [10] has the advantage of obtaining a covariant quasi-local energy as Noether charge associated with some time-like Killing vector.
Recently, the quasi-local energy in the AdS space is proposed to be equivalent to the relative entropy of the dual CFT in the context of Ryu-Tagayanagi's proposal of holographic entanglement entropy [11, 12] . In particular, the positive energy condition of the quasi-local energy is shown to be the same as the positivity of the relative entropy, which can then be used to constrain the swampland of the bulk gravity theory [13, 14] . It implies a deep connection between positive energy theorem [16] [17] [18] [19] of gravity theory and the quantum information inequalities of CFTs. It is further shown that the holographic relative entropy for the usual Einstein gravity in AdS space can be constructed as Wald's quasi-local energy. We then expect that the proof in [20] for the positive energy condition of quasi-local energy for flat space can be generalized to AdS space, and similarly the proof in [19, 21] of the proof of positive ADM mass in AdS space to the quasi-local energy.
On the other hand, the positive energy theorem for gravity theories other than Einstein gravity and its connection to the positivity of relative entropy in dual CFTs is less explored. One inspiring example is done by two of us in [22] , in which we studied the holographic relative entropy of the deformed CFT in the bulk Einstein-Cartan gravity, i.e., torsion gravity [23] . We first solve perturbatively the field equations of Einstein-Cartan-fermion system up to second order of Newton constant. Based on this solution, we can evaluate the variations of the modular Hamiltonian and entanglement entropy, and then use these to obtain the relative entropy of the dual CFT. Interestingly, we find that the resultant relative entropy is not always positive definite so that it implies a swampland in the bulk torsion gravity possibly beyond the reach of weak gravity conjecture [24] .
In this paper we will explicitly construct the variation of quasi-local energy for Einstein-Cartan-fermion system, and demonstrate the equivalence between holographic relative entropy and quasi-local energy in torsion gravity. To achieve this, we work on Wald's formalism to derive the quasi-local energy not in its original formulation in terms of metric but in terms of vielbein and spin connection. We then evaluate the derived quasi-local energy on the entanglement wedge for a particular perturbative solution and show the agreement with the holographic relative entropy obtained in [22] . Besides, our results also show that the quasi-local energy is not always positive, i.e., a swampland, even the theory itself is consistent with the symmetry principle.
Moreover, the symplectic potential as well as Noether charge are found to be formally independent of the torsion-fermion (axial current) coupling constant. Hence, there is no direct torsion contribution to the physical charges such as quasi-local energy or ADM quantities. The torsion infiltrates into the value of physical charges only through the back reacted on-shell solution. It suggests that the physical charges constructed via Wald's formalism are "pseudo-topological quantities", i.e., their values are somehow stable against the change of the torsion-fermion coupling. This is a reminiscent of the topological order in quantum Hall systems [25] or topological insulators [26] for which the physical quantities are insensitive to some coupling strength and there is a bulk-edge correspondence [27] .
As a natural extension of Einstein gravity, torsion gravity calls for arenas to test its validity, and we think the results obtained and the techniques developed in this paper should be helpful for this purpose. For example, there are more serious attempts of incorporating torsion effect in the cosmological models under scrutiny of CMB physics, see [28] for a review. Another arena is the gravitational wave astronomy expected by the more coming events similar to the recent LIGO discoveries of gravitational waves emitted from the compact binaries [29] [30] [31] . Once there are enough events to reduce statistical uncertainties, it should be able to test the validity of Einstein gravity and some modified gravities such as torsion gravity. For example, an analysis of the constraints by the first two LIGO observations on physics beyond Einstein is already put forward in [48] . This calls for more precise theoretical templates of gravitational waves for compact binaries to fitting the observed data. As most of the templates at this stage are done for Einstein gravity, there remains a lack of the high precision templates for the modified gravity theories. Our construction of quasi-local energy, ADM mass and angular momentum can be seen as the first step toward this challenging goal in torsion gravity. For example, one can use these quantities to construct the effective field theory for the coupling between torsion and spin for the post-Newtonian approximation such as done for the coupling between spin and spin connection in Einstein gravity [32] [33] [34] . Moreover, these conserved quantities can also serve as the adiabatic invariants in the framework of effective-one-body approach [35, 36] , which has been used to generate most of waveform templates in Einstein gravity. One more challenging task is to generalize the BSSNOK formulation of numerical gravity [37] [38] [39] to a first-order formulation in terms of vielbeins and spin connections because the fermion couples to spin connection not the metric. Our extension of Wald's formalism in using local tetrads will be helpful to this end.
The remaining of the paper is organized as follows. In the next section, we will briefly review Wald's formalism and torsion gravity. The section 3 contains our main results. We first generalise Wald's formalism to the case with fermion matter and torsion coupling, and then compute the quasi-local energy of the entanglement wedge to compare with the relative entropy. We also discuss the effects of torsion and fermion on some ADM quantities, in particular the extension of Komar angular momentum. In section 4, we discuss the implication to gravitational wave physics. We then conclude our paper in section 5. In Appendix A we give the details of solving the deformed Killing vector field for evaluating the quasi-local energy.
Wald formalism and torsion gravity
Before applying Wald formalism to the Einstein-Cartan-fermion system to obtain our main result in Section 3, we provide concise reviews on each separately.
Wald formalism for quasi-local energy
In this section, we briefly review the quasi-local energy defined via the covariant phase space formalism put forward by Wald and his collaborators [7, 9] . The basic idea is to construct a covariant Noether current and charge associated with a timelike vector field inside a space-like subregion, and then relate this Noether charge to the quasi-local energy defined for this subregion.
Let us denote the subregion of the Cauchy surface by Σ and denote all the dynamical fields (including metric 1 and matter fields) collectively as φ. In the following, a boldface letter denotes a differential form in the space-time, for example, the Lagrangian is written as a 4-form L. Generically, the variation of a covariant Lagrangian is written as
where E = 0 are the field equations and the surface term Θ(φ, δφ), called the symplectic potential 3-form, is constructed covariantly and locally in terms of φ and δφ. The following anti-symmetrised variations of Θ gives rise to the symplectic current 3-form
Note that the symplectic current is a bilinear functional of δφ 1 and δφ 2 , and its volume integral is simply the symplectic form. Given an arbitrary vector field ξ we can formally associate with it a Hamiltonian H ξ , with its variation satisfying
where L ξ φ is the Lie derivative of φ along the vector field ξ. If ξ is a time-like vector field, it is natural to interpret δH ξ as the perturbation of the quasi-local energy contained in the subregion Σ [14] 2 . Moreover, the existence of the full Hamiltonian H ξ requires the following integrability condition
1 The original formulation in the literature is developed for metric gravity, however, we will see in Section 3.1 that Wald formalism can be generalized to theories formulated with vielbein.
2 As commented in [14] , this is a natural generalization of Hamiltonian for the particle Lagrangian. In [10, 13] δH ξ is called canonical energy for the second order perturbation, however, this could be confused with the linearized ADM mass for which it was also called canonical energy in [6, 7] . Thus, we will simply call H ξ quasi-local energy to avoid confusion.
On the other hand, we can associate with ξ a Noether current 3-form defined by
It is straightforward to show that Noether current 3-form is closed on-shell, i.e., dJ ξ = −EL ξ φ, so that it can be written as [8] 
where C µ vanishes on-shell. The space-time 2-form Q ξ is the Noether charge. A useful identity relates the symplectic current to the variation of the Noether current is given by
with φ assumed to be on-shell. Using this, the symplectic current can be written as
Hence, if we restrict to variations δφ that satisfy the field equations (so that δC µ = 0), we obtain the expression for the variation of the quasi-local enery
Notice that this is in a form of a surface integral. In general, ∂Σ contains 2 parts: one at asymptotic infinity denoted by B, and the inner boundary into the bulk denoted byB. Moreover, the form of (9) suggests that the integrability condition (4) should be equivalent to the existence of some K such that
If so, we then have the full quasi-local energy
and the difference of quasi-local energy between two geometries is given by
In the case that ξ is a Killing vector field, i.e., L ξ φ = 0 so that ω ω ω(φ, δφ, L ξ φ = 0) = 0 hence δH ξ = 0. Then, (9) can be written as the form of first law
The LHS is related to variation of canonical energy δE such as ADM mass or the modular energy, and the RHS is related to the variation of the area δA of the inner boundaryB. To make the first law manifest we should impose the following boundary conditions on ξ:
where∇ ν is the Riemannian covariant derivative, ζ is the asymptotic time-like Killing vector field, κ s is the surface gravity for the inner boundaryB and n µν := n
is the unit binormal vector. For the black hole geometry, B is the full asymptotic boundary andB is the black hole horizon. Thus, (13) will yield the first law of black hole thermodynamics. On the other hand, if we consider the asymptotic AdS space, then Σ is the entanglement wedge bounded by the asymptotic boundary disk B and the Ryu-Takayanagi minimal surfaceB whose surface gravity κ s is set to 2π. Thus, (13) yields the first law of the entanglement thermodynamics for the dual CFT.
In this paper we will consider the case that ξ is not the Killing vector field for the background solution, i.e., L ξ φ = 0 so that δH ξ can be treated as the quasi-local energy for φ. Despite that, to preserve the asymptotic Killing symmetry we will impose the additional boundary condition
If ξ is a time-like vector field, this requires φ to be asymptotically stationary. A specific example to be considered below is the holographic relative entropy, which is dual to the quasi-local energy (9) for the entanglement wedge in the AdS space for torsion gravity. This quasi-local energy is for the second order stationary solution so that the background metric is the metric up to the first order, and hence L ξ φ = 0 does not hold (though (17) still holds) to yield nonzero δH ξ .
Torsion gravity
In this subsection we briefly review the torsion gravity. We start with the Lagrangian for Einstein-Cartan-fermion system:
where κ 2 := 8πG N and the Einstein-Cartan part L R and the fermion part L M of the Lagrangian are respectively given by
with the vielbein e µ a and the volume element ǫ ǫ ǫ := √ −gd 4 x.
The covariant derivative for the Dirac fermion field ψ and the curvature tensor used in (19) and (20) are formally defined as usual in terms of the spin connection ω µ a b , e.g., the Riemann tensor
However, the spin connection now contains the torsion part. Explicitly it can be divided into the following:
where the Riemannian part of spin connection is given bỹ
and the remaining part is the contorsion tensor K µνρ which is related to the torsion tensor S µν ρ := 
In the following, we will work on the formalism developed by [40] , in which the the vielbein e a µ and the torsion tensor S µν ρ are considered as independent fields. Moreover, we can introduce the non-minimal coupling between fermion and torsion in the following way:
and similarly for *
It is called minimal coupling when η t = 1. This amounts to adding in the following interaction term:
In [22] it was shown that there is nontrivial constraint on η t from the positivity of holographic relative entropy. In this paper we will show that the same constraint arises from the positivity of quasi-local energy over the entanglement wedge. By the variation principle we obtain the field equations for the action L:
whereΣ (µν) andΣ [µν] are symmetric and ant-symmetric parts ofΣ (µν) , which is defined byΣ
To solve the field equations, one can split the Einstein tensor into the Riemannian part as well as the non-Riemannian part. In [22] we have done this way to obtain the second order perturbative solution in asymptotically AdS space to evaluate the holographic relative entropy. The solution is summarized as follows.
To set up the notation, the AdS metric is put in the Poincare coordinate
We will expand the solution in terms of dimensionless Newton constant
where z L is an IR cutoff, however all the physical quantities such as quasi-local energy are independent of it. Then, the fermion solution up to first order in k is as follows:
where
with µ 0 the integration constant while solving the first order metric. Besides, the a ± are integration constant 2-spinors, and we will choose a ± the following without loss of generality:
Due to the presence of the fermion solution (33), the AdS metric (31) is then backreacted into
with
Topological quasi-local energy of torsion gravity
In this section, we present our results starting from the derivation of quasi-local energy for Einstein-Cartan-fermion system in section 3.1. Then, the explicit computation of it on the entanglement wedge for the solution (36) and the comparison with relative entropy are presented in section 3.2. Finally the torsion and fermion effects in ADM mass and angular momentum are studied in section 3.3.
Wald's covariant phase space formulation as reviewed in sec. 2.1 is very powerful and has been widely applied to black hole thermodynamics and study of holographic entanglement entropy. However, the discussions in the literatures have been restricted in metric gravity. In section 3.1, we show how the formalism can be extended to including fermions with torsion coupling. Readers who just want to plowing ahead to the physical implications of the result may skip this technical section 3.1, although these techniques could be useful in the context of gravitational wave physics of torsion gravity. Subsequently, we show that the quasi-local energy of torsion gravity is not always positive definite but instead leads to a bound constraining the physical parameters of the theory. Remarkably, this means an innocent looking theory which passed all the symmetry constraints might be actually pathological. The same bound has been obtained in [22] in a different context by the holographic computation of the relative entropy. Our results provide a nontrivial example of swampland beyond the reach of the grand symmetry principle and possibly the weak gravity conjecture [24] .
In the end, we discuss the fermion and torsion effects on the ADM mass and angular momentum. We found that the angular momentum is extended by the axial current in the asymptotically flat space. The physical gauge invariant quantities such as global charges are crucial in many aspects of gravity. For example, we expect this extension term plays an important role in the canonical analysis of torsion gravity and hence deforms the post-Newtonian expansion of the gravitational waveform as well as the adiabatic invariants in the framework of effective-one-body approach [35] . This will be further explored in the future works.
Derivation of quasi-local energy for torsion gravity
To proceed with Wald's formalism, we need to variate the action carefully with all the surface terms arising from integration by parts retained. In this subsection, we first present the essential steps of extracting the symplectic potential by variating the action of Einstein-Cartan-fermion system with respect to the independent fields e a µ , S µν a andψ, ψ. To the best of our knowledge, this is the first discussion on the quasi-local energy of fermionic fields coupled to torsion in the literatures, and thus we pull down the details which could be useful for other explorations. Then, based on the result of symplectic potential we derive the associate Noether charge and the variation of the quasi-local energy.
Summary of the results
Although the procedure seems straightforward, it is in fact quite tedious. Before sketching the detailed derivation, we first write down the result: the symplectic potential defined in (1) for the Einstein-Cartan-fermion system turns out to be
where dx ρ 1 ρ 2 ρ 3 is a shorthand for the wedge product dx ρ 1 ∧dx ρ 2 ∧dx ρ 3 . Recall that ∇ ν is the Riemannian covariant derivative so that (38) is reduced to the symplectic potential for pure Einstein gravity once the fermion field is put to zero. Moreover, the last two terms are sub-leading order in κ 2 compared to the first term. Then, we will use this symplectic potential to obtain the Noether charge associate with some vector field ξ. The result is
Use the above we can further obtain the quasi-local energy or its variation by (11) and (9) . Note that we have used on-shell relation (27) in arriving (38) and (39) by replacing torsion with fermion bilinear and at the same time cancelling the η t dependence.
Before starting the derivation, we remark that the symplectic potential (38) and the Noether charge (39) both are formally independent of the torsion coupling η t , so is the quasi-local energy. This is intriguing because it implies the quasi-local energy, which is a physical quantity, is formally independent of the torsion coupling. The only way that torsion takes effect is through the back reacted geometry. The analogy that shares this feature is the topological order observed in the quantum Hall systems or topological insulators. This analogy is just formal as the topological order is known to be due to the nontrivial patterns of many-body entanglement. On the other hand, the quasi-local is a classical quantity of gravity theory.
Also notice that η t cannot be absorbed by field redefinitions. This is actually expected because the physical quantities, such as relative entropy that is calculated in [22] and the quasi-local energy that will be computed later depend on η t explicitly. The appearance of the η t dependence in the value of quasi-local energy, however, comes from the η t dependence of the backreacted on-shell solution though the formal expression of the quasi-local energy is independent of η t .
Variation of Einstein-Cartan action
We first consider the variation of the Einstein-Cartan action. The Ricci curvature can be expressed in terms of the covariant derivative of spin connection. We can variate the Ricci curvature with respect to vielbein and spin connection, and then relate the variation of the spin connection to the ones of vielbein and torsion by the following: 
Using the above relations and the fact δe µ a R µ a = −R a µ δe a µ , we can arrange the variation of L R into the following:
In the process, one should keep track of all surface terms arising from integration by parts. To this end, it is useful to use the modified divergence operator
which satisfies∇
but not Leibniz rule. The v µ in the above formula is a vector density. Therefore, the surface term in (42) (45) The other terms in (42) will be combined with non-surface terms in δL M into field equations.
Variation of fermion action
Now, let us consider the variation of the fermion action. This is quite similar to the usual variation of Dirac fermion action in curved space except that now the fermion also couples to torsion. However, it is straightforward to see that the torsion does not contribute to surface term through this variation. After some tedious calculations, we obtain the result as follows:
where L M := L M ǫ ǫ ǫ. In arriving the above, we have used the relation (40) . The δψ and δψ terms in (46) give the field equation (28) . On the other hand, by combining the non-surface terms associated with δS ρµ a in both (42) and (46), we obtain the field equation for torsion field:
(47) It is straightforward to solve it and arrive at (27) .
Next, we combine the terms involving ∇ ρ δe a µ in (42) and (46) with the help of (27) , and then integrate by part to obtain the additional surface term. Explicitly, the combined result gives
Combining the last term on the RHS of (48) with the other terms involving δe a µ in (42) and (46), we arrive at the field equation (29) after using the on-shell relation
upon the use of (27).
Combining into Symplectic potential
Finally, collecting the surface terms in (42), (46) and (48) we obtain the symplectic potential:
Note that this is not yet the final form of (38) . To achieve this, we need to use the on-shell relation (27) 
Then, (51) will be turned into (38) by throwing away an exact form
This ambiguity is allowed as can be seen from the defining equation (1) of symplectic potential because (1) still holds under
as elaborated more in [7] . Note that µ is due to the shift of L: L −→ L + dµ.
Obtaining the Noether charge
We will now derive the Noether current and hence the Noether charge associated with vector field ξ, and finally the explicit expression of the quasi-local energy for the minimally coupled Einstein-Cartan-fermion system. According to the prescription of [6, 7] , the Noether current 3-form is given by
Our goal is to extract the Noether charge by rewriting J ξ into the following
where the terms in (on-shell) vanish when imposing on-shell condition.
To explicitly carry out the evaluation, we need the Lie derivatives of the vielbein and fermion field, i.e.,
Here we adopt the convention in [40] for the Lie derivative of the fermion field by treating it like a scalar. Besides, the following identities are useful in the process of derivation:
where ≈ denotes the weak equality that holds on-shell. We break down the derivation into steps. We first deal with the first term of (38) 
In arriving the above, the identities (59) and (60) are used. Moreover, the last term of the last line can be used to make up a total derivative term:
We have used total antisymmetry of the torsion tensor S αβγ ≈ S [αβγ] to arrive the last equality. Now, comes the second term of (38), denoted by Θ (2) (φ, L ξ φ), which by using (57) can be further simplified as follows:
Finally, we now deal with the last term of (38), called Θ (3) (φ, L ξ φ). Using (58), we can arrive
Then, combining all the above with
and using (62), we can then rewrite the Noether current (55) into the following
Let us 'integrate by part' the last term in the big round bracket in the first line of (68), and using (27) and (61) we can arrive
where we have omitted the term proportional to S βσ σ which vanishes on-shell. Put it back to the Noether current expression (68), we see that the quadratic torsion terms cancel each other, and the stress tensor part combined together well, i.e.,
Thus, we indeed obtain the graviton field equation in the big round bracket in the first line of (68) after 'integrating by part'. Moreover, by imposing the on-shell conditions, the η t dependence is dropped and the Noether current is put into the desired form of (39) . In summary, we have derived the explicit form of the symplectic potential (38) and the Noether charge (39) associated with a vector field ξ for the Einstein-Cartanfermion system. We can then use them to evaluate the corresponding quasi-local energy (12) or its variation (9) .
In the remaining of this paper we will apply the above results to some specific examples. One example is to evaluate the quasi-local energy for the perturbative solutions of AdS space due to the fermion field up to second order of Newton constant, and find that it agrees with the holographic relative entropy. The other example is to evaluate ADM mass as well as angular momentum for the asymptotically flat and AdS backgrounds.
Comparison with holographic relative entropy
In this section we would like to explicitly evaluate the quasi-local energy (9) for the perturbative solution, i.e., (33) and (36), of Einstein-Cartan-fermion system. We will find that our result coincides with the holographic relative entropy calculated in [22] .
We will consider the quasi-local energy associated with the so-called entanglement wedge Σ, which is a spatial region bounded by a boundary disk B and the Ryu-Takayanagi minimal surfaceB, whose area gives the holographic entanglement entropy associated with region B for the dual CFT. In [13, 14] it was argued that the quasi-local energy associated with a vector field satisfying the boundary conditions (14) , (15) with κ s = 2π, (16) and (17) 3 is nothing but the holographic relative entropy of the dual CFT 4 . Although the argument is very general, only some case of Einstein gravity is explicitly checked. Especially, in [13] the case is calculated in the Hollands-Wald gauge [10] which requires the gauge transformation to fix the boundary conditions for the associated Killing vector field and the position ofB.
On the other hand, in [22] we evaluate the holographic relative entropy for the solution (33) and (36) of Einstein-Cartan-fermion system, and find that the resultant holographic relative entropy can be negative. If the equivalence between quasi-local energy and holographic relative entropy holds also for the Eisntein-Cartan-Fermion system, this implies that the positive energy condition can be violated. This is intriguing as there is no obvious pathology for the underlying theory and its solutions. Moreover, in this calculation we do not need to specify any vector field as in the defining the quasi-local energy. Therefore, it is not so trivial to check if the equivalence still holds for the gravity theory with torsion and fermion by direct evlaution of the quasi-local energy (12) for some vector field ξ satisfying the aforementioned boundary conditions.
Effect of torsion and fermion
From the results of the symplectic potential (38) and the Noether charge (39) , it is obvious that there will be no direct torsion contribution to the physical charges. However, we emphasise that torsion can still contribute to the physical charges indirectly by sourcing the graviton. For example, the value of the quasi-local energy, which will be computed shortly, depends on η t explicitly.
Regarding the evaluation of the quasi-local energy based on the symplectic potential (38) and the Noether charge (39) , the first question is whether the additional terms related to fermion will contribute or not. We first consider the integral of (9) overB: in this case the vector field ξ vanishes, i.e., (16) so that the ξ · Θ and the second term in (39) vanish, too. Thus, only the usual term in Einstein gravity contributes to the integral of (9) overB.
On the other hand, the integral of (9) over B is more subtle: the second term in (39) will not contribute because its pullback vanishes on B due to ξ is time-like there. Thus, only the usual term of Einstein gravity in (39) contributes. For ξ · Θ we notice that the second and third terms are sub-leading terms by κ 2 order in comparison with the first term, i.e., the usual term in Einstein gravity. This means that these terms could be suppressed by positive power of z when approaching the boundary. As we have the explicit solution (33) and (36), we can then perform the power counting of z for those terms associated with fermion. After doing this, it turns out that both terms vanish on B 5 , e.g., power counting of the third term of (38) :
(71) From the above analysis, although the symplectic potential and Noether charge contain the terms associated with fermion, they however, will not contribute to the quasi-local energy (9) . Therefore, the effect of torsion and fermion comes into play only through the solution of field equations. We should say that this conclusion is quite general because the power counting is controlled by the fall-off behaviors of the on-shell solution, which however, is completely determined by the metric of AdS space.
Fix the vector field
The next step to evaluate the quasi-local energy is to choose appropriate vector field ξ which satisfies the required boundary conditions. As mentioned, in [13] this was done by choosing Hollands-Wald gauge so that ξ and positions of B andB are fixed. This will save the efforts for finding the new ξ in the deformed background but requires to solve the gauge conditions. The latter turns out to be a tedious procedure as demonstrated in [13] . Instead, we will directly find the deformed vector field in the perturbative AdS space up to oder k 2 , and then use it to evaluate the quasi-local energy. This should be equivalent to the evaluation in the HollandsWald gauge.
We start with the Killing vector of AdS space
which satisfies the required conditions, and is the vector field used in the HollandsWald gauge. However, after the perturbation away from the pure AdS space there could be no Killing vector field. Despite that, for our purpose of evaluating quasilocal energy it is suffice to find a vector field that satisfies these boundary conditions on B,B. In general, there are more than one solutions of ξ that satisfy the above boundary conditions. However, the details of ξ in the bulk of Σ is not relevant as the quasi-local energy (9) is given by the integral over B andB. Therefore, all the ξ's satisfying the same boundary conditions will yield the same quasi-local energy. Since we solve the field equation perturbatively up to order k 2 , we also only need to solve ξ perturbatively up to the same order of k. Here, we will solve the solution by the following ansatz:
where f 0 = z, and
Note also that r(z) is the Ryu-Takayanagi minimal surface solved with respect to the perturbed metric (36) , and the details can be found in eq. (105)- (110) of [22] .
One finds that the real challenge of this ansatz is to solve the condition (15) , and this will fix the unknown functions f 1 , f 2 and g 1 , g 2 . The explicit form of f 1 , f 2 and g 1 , g 2 is shown in Appendix A. Note that the second order functions f 2 and g 2 are quite complicated in comparison with f 1 and g 1 . The former even contains the log pieces, which however is necessary to cancel the log pieces arising from the integral of the terms involving f 1 and g 1 . In this sense, it is quite nontrivial to have the quasi-local energy evaluated here agree with the holographic relative entropy obtained in [22] , as shown below.
Evaluation of the quasi-local energy
We are now ready to explicitly evaluate the quasi-local energy (12) perturbatively up to the second order in k based on the above discussions. Especially, all the terms involving the fermion in the symplectic potential and Noether charge will not contribute. Moreover, asymptotically, both the Noether charge as well as −ξ · K do not contribute beyond the linear order because of the asymptotic fall-off behaviours of fields.
We first consider the integral overB, for which only the first term in (39) contributes. Using the vector field (73) with solutions (107),(109),(108) found in the Appendix A, and the minimal surface r(z) solved in [22] , we obtain
Here S 1 is the first order result in k and S 2 the second oder one. These are exactly eq.(113) and eq.(114) of [22] . Although the functions r(z), f 2 and g 2 are very complicated and contain log pieces, it is amazing that the log pieces all cancelled out to yield a simple final result. Now we consider the integral over the boundary disk B, on which the vector ξ reduces to the conformal Killing vector ζ
UnlikeB, the shape of B is independent of the perturbation of the metric. Thus, the integral of the Noether charge can be evaluated as follows and turns out to be
while the integral of the symplectic potential term gives
The use of symplectic potential suffices because K does not contribute beyond linear order. Sum up (78) and (79), we get
which agrees with the change of the expectation values of the modular Hamiltonian previously found in [22] . Note that the above result is only first order in k because of the fall-off behavior in z of the perturbative solution for field equations. This kind of fall-off behavior also ensure the integrability condition (4) and thus the existence of full H ξ as discussed earlier.
In summary, subtracting (75) from (80) 6 we obtain the quasi-local energy for the perturbative solution (33) and (36):
This happens to be the same as the holographic relative entropy obtained in [22] . The positive energy condition can be violated if
Fermion and torsion effect on ADM mass and angular momentum
Having the expression of quasi-local energy at hand, one is able to obtain the ADM mass or other global charges by simply replacing the spatial region Σ with the 2-sphere at infinity. We have seen from (38) and (39) that there are no direct contributions from torsion to the physical charges, as they are formally independent of η t . However, we emphasise again that torsion effect can show up through sourcing the graviton field. With this observation, it is then natural to ask if the presence of fermion deforms the global charges. As far as we know, the inclusion of fermions is rarely discussed in the literature. We will answer this question for the ADM mass and angular momentum in both asymptotically flat space-time as well as AdS background.
Review of ADM quantities in Einstein gravity
We first review the derivation of ADM mass in asymptotically flat space-time for pure Einstein gravity as done in [7] , to demonstrate how the quasi-local energy is linked to the ADM mass. The variation of the ADM mass is given by
where S 2 ∞ is the 2-sphere at infinity and ξ is the asymptotic Killing vector ξ := t = ∂ t . To find the ADM mass, we need to find out K defined in (10) and set the absolute value of Ht for Minkowski space as zero. An asymptotically flat space-time has the following boundary condition of metric
where η µν is the metric of Minkowski space, and r is the radial component in the polar coordinates
To find K, we first evaluate −t · Θ and try to pull out δ in accordance with (84). The result is
where i, j, k = 1, 2, 3, r k = δ k r , h ij is the spatial metric, dS is the area element of 2-sphere of radius r, and we have repeatedly used the asymptotic boundary condition (84).ǫ ǫ ǫ µνρσ is the Levi-Civita symbol andǫ ǫ ǫ 0rθϕ = 1. Therefore, K is given by
Similarly, the Noether charge part can be calculated straightforwardly,
where the asymptotic boundary condition (84) is used in the last equality. Notice that the higher sub-leading terms in the asymptotic expansion of metric does not contribute. Sum up (88) and the integration of (87), we get precisely the well-known ADM mass formula
If the system admits asymptotic rotational Killing vector, e.g.φ := 1 r sin θ ∂ ∂ϕ , there is an associated angular momentum defined by 7
Notice that the −φ · K term drops because it is pullback to zero on S 2 ∞ . For the Einstein gravity, this form of angular momentum is exactly in the form of the Komar formula [41] 8 ,
7 The minus sign comes from the fact that the Killling vectorφ is space-like. 8 It is worth noting that the Komar anomalous factor of 2 between Komar mass and angular momentum formulas is naturally resolved in Wald's formalism [7] .
ADM quantities in Einstein-Cartan-fermion system
Now, we are in a position to go beyond Einstein gravity and check if the fermion contributes to the ADM mass or angular momentum. We first consider again the asymptotically flat space-time. As we will not find out K explicitly in the torsion gravity case, we need to confirm its existence by the integrability condition (4) . To this end, we compute the symplectic current,
where −(δ 1 ↔ δ 2 ) is only applied to the second term above, and
Remind that∇ µ is the Riemannian covariant derivative without including torsion. To satisfy (4), with (84), we need the following asymptotic boundary condition of fermion δψ ∼ 1 r n , n > 1,
In fact, we can do better. As δφ satisfies the linearized field equations in Wald's formalism, their asymptotic boundary conditions are constrained by on-shell relations. Hence, we may start from the marginal value of the boundary condition for metric, i.e. the value that gives finite ADM mass, g = η + O(1/r), and look for the boundary condition of fermions by the consistency of field equation. The Minkowski background version of the perturbative Einstein field equation for Einstein-Cartan-fermion system is given by [22] 
whose linearized version is, schematically 9 ,
9 In the RHS of (95) and (96) appearing in [22] there is an overall IR factor r 2 L . For simplicity, we just set it to one here.
where denotes a second-order derivative operator that includes the Laplacian. As δg ∼ 1/r, by simple power counting of (96) we conclude that
Notice that (97) is compatible with (94) as δψ should be sub-leading in 1/r expansion. Thus, δψ should obey (94) so that the integrability condition is indeed satisfied. Similarly, further power counting can tell us if the non-Einstein parts of the Noether charge (39) and the symplectic potential (38) will contribute to the ADM mass and angular momentum or not. A straightforward power counting then shows that all the fermion terms in −ξ · Θ do not contribute to the ADM mass. For the fermion part in the Noether charge, notice that it is pullback to zero on S 2 ∞ due to the tensorial structure and ξ =t. Therefore, we find that the fermion does not contribute to the ADM mass for our Einstein-Cartan-fermion system in asymptotically flat space.
However, it is a different story for angular momentum (90), because the fermion term in the Noether charge no longer has vanishing pullback to S 2 ∞ . This is so because the Killing vector now isφ nott. Moreover, the power counting shows that the fermion part has a finite contribution. Therefore, we expect the presence of the spin 1/2 fermion deforms the angular momentum and this may be an observable physical effect such as in the compact binary inspirals [32] [33] [34] . Let us perform the power counting explicitly for this finite contribution. Use the metric (85), we construct vielbeins connecting the polar coordinates with the orthonormal frame:
where the boldface letter e again represents differential forms, and we have used the parenthesised indices to label the orthonormal frame indices. Notice that, in particular,
Now, let us check the contribution of the fermion term in (90),
which is finite becauseψ ∼ ψ ∼ 1/r and γ ϕ ∼ 1/r according to (99). Therefore, when the fermion is present, we find that the angular momentum is the following extension of the Komar formula,
is the Komar angular momentum and we follow the gamma matrix convention in [22] . This means the axial current generates angular momentum for Einstein-Cartan-fermion system in asymptotically flat space-time.
For the case of AdS background, we have explicit solutions (33) and (36) . It is then straightforward to do power counting, and conclude that the existence of fermions does not deform ADM mass or angular momentum formulas.
Implications to gravitational wave physics
LIGO's discoveries of the gravitational waves from binary black hole inspirals and mergers have opened an new era of gravitational wave astronomy. Up to this moment, there are already three events [29] [30] [31] confirmed as binary black hole mergers, and we may expect dozen or hundred to come in the near future. As the more and more data of gravitational wave are collected, the more precision test of Einstein gravity is expected. Therefore, this is the right timing to push the modified gravity theories into the regime of precision test. As the Einstein gravity has passed many precision tests in the scale of solar system, e.g. [42, 43] , we will not expect there are detectable deviations from Einstein gravity in the weak field regime. On the other hand, black hole mergers of all the LIGO discovery events up to this moment are in the strong field regime, for which we may like to test the deviation from Einstein gravity in a more precise way. Some constraints on modified gravities derived from the LIGO's discoveries are done, for example, in [48] , which however, does not include torsion gravity.
There are many proposals of modified gravity theories, the most common one is the scalar-tensor gravities such as the Brans-Dickie theory, or more general Hordenski theory. They can be treated formally in the usual way of second order metric formulation of Einstein gravity. On the other hand, by adding the torsion, as shown in this work, one needs to adopt the first order formulation involving veilbeins and spin connections.
There are many physical reasons to introduce torsion into play, and now also in the new gravitational wave physics. The key point is that the torsion is naturally sourced by some high energy coherent states of fermionic matters, which are the main constituents of all the astronomical objects including black holes and neutron stars. We can imagine that for massive fermion stars, say hundred of solar masses, the torsion coupling could affect the pattern of gravitational radiation originated from the inspirals and mergers of such stars. Especially, there are possibilities that some fermions are dark matter candidates, which form the dark fermion stars which could only couple to gravity. In this case the LIGO observations can serve as the window into the dark matters and the torsion gravity. Moreover, in order to find out the waveform of these dark stars' merger, we need to implement the numerical relativity calculations. The numerical relativity is formulated as the 3+1 Cauchy problem, e.g. the famous BSSNOK formulation [37] [38] [39] , which however, is formulated in terms of metric and extrinsic curvature, not of the veilbein and spin connection. To develop the similar 3+1 Cauchy problem for torsion gravity coupled to dark fermion matters, we instead need to adopt the first order formulation in terms of veilbein and spin connection, and the formulation developed in this work should be quite useful for such purpose. We should emphasize that dynamics of the dark stars should be clear, simpler and more massive than the neutron stars without the complication of the nuclear interactions and the Tolman-Oppenheimer-Volkoff limit on the mass of neutron stars. This shall be good for testing the modified gravity such as torsion gravity by the gravitational radiation in the strong field regime.
On the other hand, even without introducing the fermion matters, the torsion could also be induced at the low energy by either the high energy fermion matters or the nonlinear self-interaction of gravitons, e.g., the Routhian for the low energy effective dynamics of the spin bodies of mass m contains the terms
where S ab is the spin tensor in the local flat frame characterized by the tetrad e a µ , S ab := S µν e a µ e b ν , u µ is the 4-velocity of the spinning body. In the above, the Riemann tensor R αβγδ and the spin connection ω ab µ are the ones for torsion gravity defined in (21) and (22), respectively. By using this Routhian with the help of the tricks developed in this work, we believe that one can derive the gravitational waveform of the inspirals of the binary black holes by following the effective approach to the post-Newtonian (PN) gravity developed in [44] [45] [46] . With the incorporation of torsion in this way, its effect for the gravitational waveform should be comparable with the pure Riemannian gravity effect at higher PN order, e.g., 4PN. Furthermore, this torsion effect could be significant for the self-force of a spin body around a supermassive Kerr black hole, which can also be studied by generalizing the standard self-force problem, e.g., [47] . The result should be relevant to the quasi-normal modes in the merger phase of binary black hole due to the torsion effect. We remark that the 1PN analysis in the context of Poincare gauge theory [50] was already done more than three decades ago [49] and it was found no difference from the Einstein gravity. This is however expected as the torsion effect should manifest as the finite-size effect at the higher PN order. In summary, it is optimistic to see the torsion effect when the precision of detectors is improved in the future.
Conclusion
The positive energy condition is important on the issues of stability of solutions for the theory of gravity. However, it was mostly done for the Einstein gravity. In this paper we adopt Wald's formalism of covariant Noether charge to construct the explicit expression of quasi-local energy for the Einstein-Cartan-fermion system. We evaluate the quasi-local energy of entanglement wedge for some particular solution, and find that it is not always positive definite for arbitrary fermion mass and torsion-axial current coupling. This result implies the violation of the positive energy theorem for Einstein-Cartan-fermion system, and provide a nontrivial example of swampland beyond the symmetry principle and possibly the weak gravity conjecture. Though we cannot see a whole scope of the swampland by a simple example, it can be a step stone for further exploration of the issue. Moreover, the on-shell value of the quasi-local energy agrees with the holographic relative entropy evaluated in [22] . This generalize their equivalence from Einstein gravity to the torsion gravity.
Besides, we find that the quasi-local energy is formally independent of the torsion-axial current coupling, although the dependence will come in through the solutions of the field equations when evaluating it on-shell. Despite that, this "pseudo-topological" nature is unexpected and thus intriguing, and may have some deep implication for AdS/MERA duality along the similar line of bulk/edge correspondence for topological insulator.
Torsion is a very natural addition to Einstein gravity in the presence of fermion sources, and thus torsion gravity should be called for the tests of the observation data. In view of this, we have also discussed about the implication of our results to the tests of torsion gravity in the context of new gravitational wave astronomy. We elaborate that the techniques developed here should be useful in generating the gravitational waveform templates of torsion gravity from either effective-onebody formalism or from numerical relativity simulation, because there is not much discussions in the literatures on the first order formulation in terms of vielbein and spin connection in the aforementioned approaches. We are currently working along this direction, and hope to report the results in the near future. 
which is also obtained in [22] , one obtains the two unit normal vectors as −g 00 (g rr − 2g zr r ′ + g zz r ′2 ) −g 0µ g rν + g 0µ g zν r ′ (z) − (µ ↔ ν) ,
which has only nonzero (independent) components (tr) and (tz). On the other hand,
The boundary condition (15) then gives us two equations for the unknown functions at each order. One then obtains the following solutions: 
